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Abstract
Let G = (V,E) be a graph. A subset D of V (G) is called a super domina-
ting set if for every v ∈ V (G)−D there exists an external private neighbour of
v with respect to V (G)−D. The minimum cardinality of a super dominating
set is called the super domination number of G and is denoted by γsp(G). In
this paper some results on the super domination number are obtained. We
prove that if T is a tree with at least three vertices, then n
2
≤ γsp(T ) ≤ n− s,
where s is the number of support vertices in T and we characterize the ex-
tremal trees.
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1 Introduction
In this work we consider finite, undirected, simple graphs G = (V,E) with n vertices
and q edges. The neighbourhood of a vertex v ∈ V (G) is the set NG(v) of all the
vertices adjacent to v in G. For a set X ⊆ V (G), the open neighbourhood NG(X)
is defined to be
⋃
v∈X NG(v) and the closed neighbourhood NG[X ] = NG(X) ∪X.
The degree dG(v) of a vertex v ∈ V (G) is the number of edges incident to v;
dG(v) = |NG(v)|. If dG(v) = n − 1, then v is a universal vertex of G and we call
v a semi-universal vertex if every vertex of G is either a neighbour of v or has a
common neighbour with v.
If dG(v) = 1, then v is an end-vertex of G. We denote by Ω(G) the set of end
vertices of G. The neighbour of an end vertex is called a support vertex. Support
vertex which has more than one end-vertex as a neighbour is a strong support vertex.
For two sets X,Y ⊂ V (G), we denote by E(X,Y ) the set of edges uv ∈ E(G) such
that u ∈ X and v ∈ Y.
For X ⊆ V (G) and x ∈ X, the set PN(x,X) = NG[x] −NG[X − {x}] is called
the private neighborhood of x with respect toX . An element u of PN(x,X) is called
a private neighbour of x relative to X or a X-private neighbour of x. An X-private
neighbour of x is either x itself, in wich case x is an isolate vertex of G[X ], or is a
neighbour of x in G which is not adjacent to any vertex of X . This latter type will
be called an X-external private neighbour of x.
A subset D ⊆ V (G) is a dominating set if for every vertex u ∈ V (G) − D,
there exists v ∈ D such that u and v are adjacent. The minimum cardinality of a
dominating set in G is the domination number of G and is denoted by γ(G).
It is well-known (Chapter 1,[3]) that a dominating set D is minimal if and only
if for any vertex v ∈ D there exists a private neighbourd of v with respect D. This
fact was our motivation for the next definition.
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Definition 1 A subset D of V (G) is called a super dominating set if for every
vertex v ∈ V (G)−D there exists an external private neighbour of v with respect to
V (G)−D.
The minimum cardinality of a super dominating set in G is called the super dom-
ination number of G and is denoted by γsp(G). A γsp(G)−set is a super dominating
set of G with cardinality γsp(G).
Example 1 We can consider a super dominating set D as a set of workers and
V (G) − D as a set of managers. Two workers (resp. manager) can be related or
not. A worker has category A if it is adjacent to one and only one manager. By
definition of superdominating set, each manager in V (G) −D is adjacent at least
one worker with category A.
In the same way, we can consider a super dominating set D as a set of students
and V (G)−D as a set of professors. Two students (resp. professors) can be related
or not. A student is a Ph.D students if it has relation with one and only one pro-
fessor. By the definition of superdomination set, each professor in V (G) − D has
at least one Ph. D students.
The undefined terms in this paper may be found in [2], [3].
Example 2 For n ≥ 2, the super domination number of the complete graph Kn is
γsp(Kn) = n− 1 and also for the star K1,n−1 is γsp(K1,n−1) = n− 1.
For a complete bipartite graph Km,n with min{m,n} ≥ 2, the super domination
number is γsp(Km,n) = m+ n− 2.
Observation 1 A set D ⊆ V (G) is a super dominating set of G if and only if for
every v ∈ V (G)−D there exists u ∈ NG(v) ∩D such that NG(u) ⊆ D ∪ {v}.
Definition 2 A super dominating set D is a perfect set if E(D,V (G) − D) is a
perfect matching.
2 Preliminary results
In this section we give some observations about the bounds on the super domination
number.
Observation 2 For any graph G, γsp(G) ≥
n
2 since for any γsp(G)−set D, we
have that |D| ≥ |V (G) −D|.
The next observation follows immediately from the Definition 1.
Observation 3 For any graph G, the super domination number γsp(G) = 1 if and
only if G ∼= K1 or G ∼= K2 and γsp(G) = n if and only if G = Kn.
From the above observations we have that for any connected graph G is
n
2
≤ γsp(G) ≤ n− 1.
The following theorem gives us a characterization of the connected graphs with
γsp(G) =
n
2 .
Theorem 1 For any connected graph G, γsp(G) =
n
2 if and only if every minimum
super dominating set is a perfect set.
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Proof. Let D be a γsp−set of G. If D is a perfect set, then |D| = |V (G) −D|
and γsp(G) =
n
2 .
Conversely, suppose γsp(G) =
n
2 . Let D be a minimum super dominating set
of G. If there exists a vertex z ∈ D such that |N(z) ∩ (V (G) − D)| > 1, then
from Definition 1 we obtain |D| > |V (G) − D|, a contradiction. If there exists a
vertex z ∈ D such that |N(z) ∩ (V (G) − D)| = 0, then, since |D| = |V (G) − D|,
there is a vertex w ∈ D such that w has more than one neighbour in V (G) −D, a
contradiction. Thus every vertex of D has exactly one neighbour in V (G)−D.
Suppose there is a vertex a ∈ V (G) −D such that |N(a) ∩D| ≥ 2. Then either
|D| > n2 or there exists a vertex from D which has more than one neighbour in
V (G) −D, again a contradiction. Thus every vertex of V (G) −D has exactly one
neighbour in D. By Definition 2, D is a perfect set.
The next lemma gives us a relation between the super domination number of
a connected graph G and its diameter. Recall that the diameter of a graph G,
denoted by diam(G), is defined to be the maximum distance between any two
vertices x, y ∈ V (G).
Lemma 2 If G is a connected graph with diam(G) ≥ 3, then γsp(G) ≤ n− 2.
Proof. Suppose diam(G) = k, k ≥ 3, dG(x, y) = k and α = (x,w1, · · · , wk−1, y)
is any xy − path with minimum length. Then V (G)− {x, y} is a super dominating
set of G and γsp(G) ≤ n− 2.
Corollary 3 By Observation 3 and the above Lemma, for any connected graph G,
if γsp(G) = n− 1, then diam(G) ≤ 2.
In particular, if γsp(G) = n − 1 and G is a connected graph, then for any
x ∈ V (G), x is a universal vertex or x is a semi-universal vertex.
The converse of Corollary 3 is not true. Consider a graph G with V (G) =
{x1, x2, ..., xk, y1, y2, ..., yk, u} and E(G) = {x1y1, x2y2, ..., xkyk} ∪ {uxi, uyi} for
1 ≤ i ≤ k and k ≥ 2. Then diam(G) = 2, but {x1, x2, ...., xk, u} is a super
dominating set of G, so γsp(G) ≤ k + 1 < 2k.
The next theorem describes the super domination number of a cycle with n
vertices.
Theorem 4 For a cycle Cn is
γsp(Cn) =


⌈
n
2
⌉
if n ≡ 0, 3 (mod4)
⌈
n+1
2
⌉
otherwise.
Proof. Let V (G) = {u1, u2, ..., un} be the set of vertices of C4. We consider
the following four cases.
1. Let n ≡ 0(mod4). Then n = 4k for some positive integer k. Consider the set
D = {u2, u3, u6, u7, · · · , u4k−2, u4k−1}. Clearly, D is a super dominating set
with |D| = n2 . By Observation 2, D is minimum and γsp(Cn) =
⌈
n
2
⌉
.
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2. Let n ≡ 1(mod4). Then n = 4k + 1 for some positive integer k. If n = 5,
then it is easy to check that γsp(C5) = 3 =
6
2 =
n+1
2 . Let n > 5 and consider
D = {u2, u3, u6, u7, · · · , u4k−2, u4k−1, u4k+1}. Then D is a super dominating
set with |D| = n+12 . By Observation 2, D is minimum and γsp(Cn) =
⌈
n+1
2
⌉
.
3. Let n ≡ 2(mod4). Then n = 4k + 2 for some positive integer k. Consider
D = {u2, u3, u6, u7, · · · , u4k−1, u4k+2} . Then D is a super dominating set
with |D| = 2k+2. By Def 1, it is not possible to have a super dominating set
with 2k + 1 elements. Therefore, D is minimum and γsp(Cn) =
⌈
n+1
2
⌉
.
4. Let n ≡ 3(mod4). Then n = 4k + 3 for some positive integer k. Consider
D = {u2, u3, u6, u7, · · · , u4k+2, u4k+3}. Clearly, D is a super dominating set
with |D| = n+12 . By Observation 2, D is minimum and γsp(Cn) =
⌈
n
2
⌉
.
Corollary 5 For a path Pn with n ≥ 3, γsp(Pn) =
⌈
n
2
⌉
.
Now we present a lemma showing the relation between the super domination
number of G and the number of its edges.
Lemma 6 For any connected graph G with n > 1, γsp(G) ≤ 2q−n+1. If γsp(G) =
2q − n+ 1, then G is a tree.
Proof. For any connected graphG, γsp(G) ≤ n−1 = 2(n−1)−n+1 ≤ 2q−n+1.
If γsp(G) = 2q − n+ 1, then q = n− 1 and G is a tree.
Theorem 7 For any graph G, γsp(G) ≥ n −
1
2 −
√
2n2−2n−4q+1
4 and the bound is
sharp.
Proof. Let D be a γsp−set of G. Since D is a super dominating set, for every
u ∈ V (G) − D there exists v ∈ N(u) ∩ D such that N(v) ⊆ D ∪ {u}. For every
u ∈ V (G) −D, we can find an element v ∈ D adjacent only to u. Hence, v is not
adjacent to n− γsp − 1 elements of V (G) −D. Since there are n− γsp elements in
V (G) −D, we can find n − γsp vertices in D such that each of n − γsp vertices in
D is not adjacent to n− γsp − 1 elements in V (G) −D. Therefore
q ≤ n(n−1)2 − (n− γsp(G))(n − γsp(G) − 1)
and after some calculations we obtain
γsp(G) ≥ n−
1
2 −
√
2n2−2n−4q+1
4 .
The bound is attained for the graph C4.
We finish this section with the following lemma that gives us a relation between
the super domination number of a graph G and its complement G. In 1956 the
original paper [4] by Nordhaus and Gaddum appeared. In it they gave sharp bounds
on the sum and product of the chromatic numbers of a graph and its complement.
Since then such results have been given for several parameters; see for example [1].
Here we have similar inequalities for the super domination number.
Theorem 8 For any graph G, n ≤ γsp(G) + γsp(G) ≤ 2n− 1. The equality of the
upper bound holds if and only if {G,G} ∼= Kn.
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Proof. The lower bound follows from Observation 2. Since G and G can not
be simultaneously isomorphic to Kn, by Observation 3 we have the upper bound.
If G ∼= Kn, then G ∼= Kn and γsp(G) + γsp(G) = 2n− 1. Assume now γsp(G) +
γsp(G) = 2n− 1. Then, without loss of generality, γsp(G) = n and γsp(G) = n− 1.
From the Observation 3, G ∼= Kn and G ∼= Kn.
The lower bound is also attained, for example if G ∼= P4.
3 Super domination in trees
In this section we are interested in giving a characterization of trees which attain
the lower and the upper bounds in terms of the number of vertices. The following
Theorem gives us an upper bound for trees.
Theorem 9 If T is a tree with at least three vertices, then n2 ≤ γsp(T ) ≤ n − s,
where s is the number of support vertices in T.
Proof. The lower bound follows from Observation 2. Let Supp be the set of
supports in T, |Supp| = s. Let S1 ⊆ Ω(T ), S1 = {v1, . . . , v|Supp|} such that every
vi, 1 ≤ i ≤ |Supp| is adjacent to a different vertex from Supp. Then V − S1 is a
super dominating set of T and γsp(T ) ≤ n− s.
Now we characterize the extremal trees of Theorem 9. We begin with the fol-
lowing observation.
Observation 4 Let T be a tree such that V (T ) = 2m and γsp = m for some m ≥ 1.
If there are two trees T1, T2 with V (T1) ∪ V (T2) = V (T ), V (T1) ∩ V (T2) = ∅ and
E(T1), E(T2) ⊆ E(T ) such that γsp(T ) = γsp(T1) + γsp(T2), then γsp(T1) =
|V (T1)|
2
and γsp(T2) =
|V (T2)|
2 .
Proof. Without loss of generality, suppose γsp(T1) >
|V (T1)|
2 . Then γsp(T ) =
γsp(T1) + γsp(T2) >
|V (T1)|
2 +
|V (T2)|
2 > m.
Let R be the family of trees T that can be obtained from a sequence T1, . . . , Tj
(j ≥ 1) of trees such that:
1. The tree T1 = P2 = (a1, b1).
2. If j ≥ 2, define the tree Tj such that V (Tj) = V (Tj−1) ∪ {aj, bj} and
E(Tj) = E(Tj−1)∪ {ajbj} ∪ {e}, where e = aiaj or e = bibj for some 1 ≤ i ≤ j − 1.
If T ∈ R with |V (T )| = 2m, denote by A = {a1, . . . , am} and B = {b1, . . . , bm}.
Observe that for all 1 ≤ i ≤ m, NT (ai) ∩B = {bi} and NT (bi) ∩ A = {ai}.
It is clear that A and B are minimum super dominating sets of T. Moreover, by
construction of T, T does not have strong support vertices.
We say that a vertex v ∈ A has a status a (sta(v) = a) and a vertex v ∈ B has
a status b (sta(v) = b).
Theorem 10 Let T be a tree with |V (T )| = n ≥ 2. Then γsp(T ) =
n
2 if and only if
T ∈ R.
Proof. If T ∈ R, then by definition of the family R, γsp(T ) =
n
2 . Let T be a tree
with γsp(T ) =
n
2 ; then n = 2m for m ≥ 1. We show that T ∈ R by induction
on m. If m = 1, then T = P2 = (a1, b1) ∈ R. If m = 2 and γsp(T ) = 2, then
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T = P4 = (a1, b1, b2, a2) ∈ R. Assume that |V (T )| = 2m ≥ 6 and the Theorem
holds for any T ′ with |V (T ′)| = 2m′ with m′ < m.
Let P = (x1, . . . , xp) be a longest path of T and let D be a minimum super do-
minating set of T. By definition of D, |{x1, x2}∩D| ≥ 1. We consider the following
cases.
Case 1. The vertices x1, x2 ∈ D. Let T ′ = T −{x2x3} = T1∪T2, where x2 ∈ T1,
x3 ∈ T2. Since P is a longest path of T, T1 is a star and γsp(T1) = |V (T1)| − 1.
a) Suppose x3 ∈ D.
Then dT (x2) > 2 (in the other case D − {x1} is a super dominating set of
T, a contradiction). We have γsp(T1) = |V (T1)| − 1 >
|V (T1)|
2 . Since γsp(T ) =
γsp(T1) + γsp(T2), we have a contradiction with Observation 4.
b) Suppose x3 /∈ D.
Observe that Ω(T ) ∩ NT (x2) ⊆ D. If NT (x3) ∩ D 6= {x2}, then D − {x2} is a
super dominating set of T. Therefore x2 is the only neighbour of x3 belonging to D
and x4 /∈ D.
Let T ′ = T − {x3x4} = T1 ∪ T2, where x3 ∈ T1, x4 ∈ T2. Since x3, x4 /∈ D,
γsp(T ) = γsp(T1) + γsp(T2).
If T1 is a star, then we have the same contradiction as above. Thus T1 is not a
star. Since NT (x3) ∩D = {x2}, there exists v ∈ Ω(T ) such that dT (v, x3) = 2 and
v ∈ D. Similarly to the case above, γsp(T1) >
|V (T1)|
2 , a contradiction.
Case 2. Suppose x2 /∈ D. If dT (x2) > 2, then NT (x2) ∩ Ω(T ) ⊆ D. Let T
′ =
T − x2x3 = T1 ∪ T2, where x2 ∈ T1, x3 ∈ T2. Then T1 is a star with three or more
vertices and γsp(T1) = |V (T1)| − 1 >
|V (T1)|
2 .
Therefore dT (x2) = 2. Let T
′′
= T −{x1, x2}.We have |V (T
′′
)| = n−2 = 2(m−
1) and γsp(T
′′
) = γsp(T )− 1 = m− 1. By the induction hypothesis, T
′′
∈ R. Then
T = T
′′
∪ {x1, x2, x1x2, x2x3} ∈ R with sta(x2) = sta(x3) and sta(x1) 6= sta(x2).
Case 3. Suppose x1 /∈ D. Then x2 ∈ D. If dT (x2) > 2, then there exists z ∈
NT (x2)∩Ω(T ) such that z 6= x1 and z ∈ D. Let T
′′′
= T − zx2 = T1∪T2, T1 = {z}.
Then we have γsp(T ) = γsp(T1) + γsp(T2) ≥ 1 +
n(T2)
2 =
n+1
2 >
n
2 , a contradiction.
Therefore dT (x2) = 2 and the proof T ∈ R is the same as in the above case.
Now we are in position to characterize all trees for which the upper bound is
attained. Let S be the family of trees T that can be obtained from a sequence
T1, . . . , Tj (j ≥ 1) of trees such that T1 = P3 = (a1, b0, b1) and if j ≥ 2, define the
tree Tj in the following three ways:
1. V (Tj) = V (Tj−1) ∪ {al, bk} and E(Tj) = E(Tj−1) ∪ {albk} ∪ {bibk} for some
bi ∈ V (Tj−1); or
2. V (Tj) = V (Tj−1) ∪ {al} and E(Tj) = E(Tj−1) ∪ {albi} for some non-support
vertex bi ∈ V (Tj−1); or
3. V (Tj) = V (Tj−1) ∪ {bk} and E(Tj) = E(Tj−1) ∪ {bkbi} for some support
vertex bi ∈ V (Tj−1).
If T ∈ S, denote by A = {a1, . . . , al} and B = {b1, . . . , bk}, where l + k = n.
Similarly like in the family R, we will say that a vertex v ∈ A has a status a
(sta(v) = a) and a vertex v ∈ B has a status b (sta(v) = b).
Observe that for all 1 ≤ i, |NT (ai) ∩B| = 1 and |NT (bi) ∩ A| ≤ 1.
By definition of the family S, it is clear that the set of vertices B is a minimum
super dominating set of T and |A| = |Sp|, where Sp is the set of supports in T .
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Therefore |B| = |V − A| = |V − Sp| = n− s. Moreover, if v is a non-end vertex of
T, then sta(v) = b.
Theorem 11 If T is a tree with at least three vertices and s is the number of
supports in T, then γsp(T ) = n− s if and only if T ∈ S.
Proof. By definition of the family S, if T ∈ S, then γsp(T ) = n− s.
Assume T is a tree with |V (T )| = n and γsp(T ) = n − s. We show that T ∈ S
by induction on n.
If n = 3, then T = P3 = (a1, b0, b1) and T ∈ S. If n = 4, then T = P4 or
T = K1,3; in both cases T ∈ S.
Assume n ≥ 4 and the Theorem holds for every m < n.
Let P = (v1, . . . , vp) be a longest path in T such that dT (v2) is as big as possi-
ble. LetD be a minimum super dominating set of T.We consider the following cases.
Case 1. Assume dT (v2) > 2. Let T
′ = T − {v1}. Then |V (T ′)| = n − 1 and
s(T ′) = s(T ) = s. If v1 ∈ D, then D − {v1} is a minimum super dominating set of
T ′ and γsp(T
′) = γsp(T ) − 1 = (n − 1) − s. By the induction hypothesis, T ′ ∈ S.
Since v2 is a non-end vertex of T
′, we have sta(v2) = b. Putting sta(v1) = b we have
that T ∈ S.
Now, if v1 /∈ D, then v2 ∈ D and since dT (v2) > 2, there exists a vertex
x ∈ NT (x2) ∩ Ω(T ) such that x ∈ D. Define T ′ = T − {x} and similarly like in the
above case we obtain T ∈ S.
Case 2. Suppose dT (v2) = 2. Here we have three cases.
1. The set {v1, v2} ⊆ D. Since D is minimum, v3 /∈ D. If v3 is a support vertex,
then all of its end neighbours belong to D and D−{v2} is a super dominating set of
T, a contradiction. If v3 is not a support vertex, dT (v3,Ω(T )) = 2 and also D−{v2}
is a super dominating set of T, a contradiction.
2. The vertex v1 ∈ D and v2 /∈ D. Let T ′ = T − {v1, v2}. We have γsp(T ′) =
γsp(T ) − 1, |V (T ′)| = |V (T )| − 2, s(T ′) = s − 1. Then γsp(T ′) = |V (T ′)| − s(T ′).
From the induction hypothesis, T ′ ∈ S.We can obtain T from T ′, putting sta(v1) =
a, sta(v2) = b and thus T ∈ S.
3. The vertex v1 /∈ D and v2 ∈ D. By definition of D, v3 ∈ D. Similarly to the
previous case we can consider T ′ = T − {v1, v2} and prove that T ∈ S.
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